Introduction and statements of results

Let
~ (χ-y)
If A is a Lipschitz function, i.e., || A |L < °°, then % A makes a very significant example of non-convolution type singular integral operators. The problem of L -boundedness of the Cauchy transform was raised and solved when || A |L is small by A. P. Calderόn in relation to the Dirichlet problem on Lipschitz domains [Call, Cal2] . Since then, it has been a central problem in the theory of singular integral operators and several significant techniques has been developed to deal with this problem. Among them are the 7X1) -Theorem of David and Journe, the technique of Coifman, Mclntosh, and Meyer, and the technique of Coifman, Jones, and Semmes [DJ, C.M.M, CJ.S] . We refer to [Chi, Mur] for a history of development in the last decades on the theory of the Cauchy transform.
If IIA'IL = °°, then the Cauchy kernel K(x, y) given in (1.1) is not a standard kernel. An integral kernel on the line is called a standard kernel if it satisfies \K(x, y)\ < C\χ-y\~ι and \V XΛ Kb 9 y)\ < C\χ-y\~\ If ||J4'|L = °°, then the Cauchy kernel does not satisfy both estimates. So, the theory of the singular integral operators may not be applied directly. Nevertheless, the question of L -boundedness of < β A is still an interesting one. In this paper, we deal with L -boundedness of c β A when A is smooth and \\A |L = °°.
We first find two examples of curves on which the Cauchy transforms are not I, 2 -bounded. Those are curves defined by A'te) = x sinx and A(x) = expte 2 ).
In the first example, A has too many zeros while the derivative of the second A grows too fast relatively to A. The fact that both log | x sin x | and log exp χ 2 are not BMO functions is relevant We then consider the case when A is a polynomial.
If A is a polynomial, then A has only finitely many zeros and | A(x)/
A(x) I behaves like |l/x| as x-> oo . In fact, if A is a polynomial, then log I Ate) I is a BMO function. In this paper, we prove the following theorem.
MAIN THEOREM. Let A(x) be a polynomial of the form
Ate) is any polynomial if d is an odd integer, (1-2)
n A(x) = Σ afc if d = 2n is an even integer.
= 1
Then, the Cauchy transform ^A is bounded on L for any 1 < p < °°.
Among the polynomial which are not covered in (
This polynomial does not satisfy the estimate | Ate) -A(y) | ~ | x -y \ \ x + y \ (| x I + I y I ) when | x \ + | y \ is large which is a crucial estimate for our proofs.
However, polynomials in (1.2) include a significantly large class of polynomials.
In order to explain ideas of proofs in this paper, let us consider an example.
If Ate) = x , the kernel given in (1.1) does not satisfy the standard estimates.
But, the kernel can be decomposed as The first kernel of the right hand side is the Hubert kernel while the second one is a kernel of Poisson type. So, if Ate) = x , then C 6 A is bounded on L . It turns out this decomposition can be performed for general kernels by using a proper cut-off function. Then, each one of the decomposed kernels is a standard kernel and we can apply the T(l)-Theorem to it. This paper is organized as follows; In section 2, we give a sufficient condition for a function to belong to the BMO. In section 3, we collect some estimates on polynomials which will be used in later sections. In section 4, we decompose the kernel K(x, y) into two standard kernels and show that both of them satisfy all the conditions of T(l) -Theorem. In section 5, we show that if A'te) -x smx or 
Preliminary lemma on BMO
Showing that a function is in BMO is a fairly hard task. One of the reasons is that being a BMO function is not just a size condition. For example, even if | f\ B MO, / may not be a BMO function. It can also be shown easily that even if 0 < / < g and g ^ BMO, / may not be a BMO function. In particular, that fix) = O(log I x |) as x-> oo does not imply /€= BMO. In this section we obtain a sufficient condition for a function to belong to BMO which will be used repeatedly in section 4. We show that if fix) = Oi\ x\~ι) as x-^ oo, then/ ^ BMO. Proof. By the assumption, there are large constants L and C such that 1 fix)
It is enough to show that f 3 G BMO since f 2 is bounded and that f λ ^ BMO can be proved in the same way. For notational simplicity, we put g = f 3 . We need to show that if 0 < a < b, then 
Therefore we obtain
This completes the proof.
Estimates on polynomials
In this section we collect estimates on polynomials which will be used in later sections. Let ACr) be d-th degree polynomial of the form:
For these polynomials we have the following elementary but significant estimates.
LEMMA. 3.1. Let A(x) be a polynomial of degree d as in (3.1). Then,
Moreover, there exists a positive number M such that Remark 3.2 We will fix M to be the number as in Lemma 3.1 throughout this paper.
any polynomial. For (1), note that
since d is odd. Therefore we have by the same reason as before. Therefore, there exist constants C λ and C 2 such that
as long as | x | + | y \ is large. It is easy to show that and hence we obtain (3). (2) and (4) 
L boundedness
Throughout this paper < 6 A denotes the Cauchy transform on the curve
y -A(x). This section is devoted to the proof of Main Theorem: MAIN THEOREM. Let A(x) be a polynomial of the form ίA(x) is any polynomial if p is an odd integer
Then, the Cauchy transform ( 6 A is bounded on L for any 1 < p < °°.
By the classical theory of singular integral operators, it suffices to prove when p = 2. Recall that the integral kernel K(x, y) of % A is given by
The kernel K(x, y) does not satisfy the standard estimates. If | y \ is large and if
x and y are close, then the estimate K(x, y) < C\χ -y\~ does not hold. We overcome this obstacle by decomposing the kernel into two standard kernels by introducing an appropriate cut-off function.
Let φ be a C°° smooth function such that
and we let (4.1.4) 0te, y) = . 
for all x Φ y ^ R. (4) 7*1 e βMO.
T/ι^n T 1 can be extended as an operator bounded on L (R).
For notational convenience we put, throughout this paper,
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Standard estimates
In this subsection we show that the decomposed kernels K x and K 2 satisfy the standard estimates. We remark that if A is a polynomial of odd degree, there is no need of decomposing the kernel, namely, the Cauchy kernel K(x, y) itself satisfy the standard estimates. However, we decompose the kernel even in this case since we want to deal with all the polynomials one time. 
Weak boundedness
We now show that the operators ( β ι and $ 2 satisfy the weak boundedness property. We first show that ( € A itself is weakly bounded and then show how the weak boundedness of ^ and ^2 follows. 
We then write Hence it suffices to show that \ x and I 2 are bounded uniformly in υ and t. Note that
Iγiv) = (Hψl, ψζ)
where H is the Hubert transform and hence I x is bounded. So, it remains to show that I 2 is bounded. By using the polar coordinates, we have 
P(r, θ) = P(r cos θ, rsinθ) ψ(v, r, θ) = φ\(rcos θ)φ v 2 (rsin θ).
Note that φ 
This proves that I 2 is bounded. I 2 can be proved to be bounded in a similar way. Proof. Proofs are similar to the proof of Proposition A.2.1. As in (4.2.1), we
Here φ is the cut-off function defined in (4.1.4). For I 2 , (4.2.2) can be changed as This completes the proof.
Estimates for # x l
We now show that ( € ι l 9 %\\ e BMO. Clearly /(x) is bounded for x > M. If 1 < | x -z/1 < -w (x + 1) and x > M, then
and therefore
This completes the proof. 
Then, by the same reasons as in the proof of Proposition 4.3.1, I t is bounded and 
Estimates for % 2 \
In this subsection, we finally show that ( 6 2 1, % 2 1 ^ BMO. 
